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Abstract 

This paper is concerned with blow-up phenomena and global existence for the periodic 
two-component DuUin-Gottwald-Holm system. We first obtain several blow-up results and 
the blow-up rate of strong solutions to the system. We then present a global existence 
result for strong solutions to the system. 
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1 Introduction 

In this paper, we consider the following periodic two-component Dullin-Gottwald-Holm 
(DGH) system: 



nit - Aux + unix + 2uxm + •yu^xx + PPx = 0, t > 0, x e 

pt + {up)x = 0, t > 0, X G 

u(0, x) = no(x), X G R, 

/)(0,x) = po{x), X G R, 

u(t, X -|- 1) = M(t, x), t > 0, X G 

p{t, X -|- 1) = p{t, x), t > 0, X G 



where m = u — Uxx, A > and 7 are constants. 



The system (1.1) has been recently derived by Zhu et al. in [_lj by follow Ivanov's approach 
[2]. It was shown in [1] that the DGH system is completely integrable and can be written as a 
compatibility condition of two linear systems 
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and 



where ^ is a spectral parameter. Moreover, this system has the following two Hamiltonians 

E{u,p) = ^J {u^ + ul + {p-lf)dx 



and 



Fin,,) = i + uul - Au^ - ,ul + MP - 1) + «(P - l)^)<i- 



For p = and m = u — a^Uxx, (1-1) becomes to the DGH equation [3] 

XXX — Ol (2,UxUxx ~I" UUxxx 



where A and a are two positive constants, modeling unidirectional propagation of surface waves 
on a shallow layer of water which is at rest at infinity, u{t, x) standing for fluid velocity. It 
is completely integrable with a bi-Hamiltonian and a Lax pair. Moreover, its traveling wave 
solutions include both the KdV solitons and the CH peakons as limiting cases 0. The Cauchy 
problem of the DGH equation has been extensively studied, cf. glElElElElEKIOKIIKiailSl 

For /9 ^ 0, 7 = 0, the system (1.1) becomes to the two-component Camassa-Holm system 

m 

mt - Aux + unix + 2uxTn + ppx = 0, 
Pt + {up)x = 0, 

where p{t, x) in connection with the free surface elevation from scalar density (or equilibrium) 
and the parameter A characterizes a linear underlying shear flow. The system (1.2) describes 
water waves in the shallow water regime with nonzero constant vorticity, where the nonzero 
vorticity case indicates the presence of an underlying current. A large amount of literature was 
devoted to the Cauchy problem (1.2), seetiri[ig[l9l[20l[2ll[22l[23l[2ll[25]. 

The Cauchy problem (1.1) has been discussed in [1]. Therein Zhu and Xu established the 
local well-posedness to the system (1.1), derived the precise blow-up scenario and investigated 
the wave breaking for the system (1.1). The aim of this paper is to study further the blow-up 
phenomena for strong solutions to (1.1) and to present a global existence result. 



Our paper is organized as follows. In Section 2, we briefly give some needed results includ- 
ing the local well posedness of the system (1.1), the precise blow-up scenarios and some useful 
lemmas to study blow-up phenomena and global existence. In Section 3, we give several new 
blow-up results and the precise blow-up rate. In Section 4, we present a new global existence 
result of strong solutions to (1.1). 

Notation Given a Banach space Z, we denote its norm by || • \\z- Since all space of func- 
tions are over S, for simplicity, we drop S in our notations if there is no ambiguity. 
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2 Preliminaries 



In this section, we will briefly give some needed results in order to pursue our goal. 
With m = u — Uxx, we can rewrite the system (1.1) as follows: 



Ut — Utxx — + "yUxxx + 3uUx — 2UxUx 

Pt + {up)x = 0, 
u{Q,x) = uo{x), 
p{0,x) = po{x), 
u(t, X + 1) = u{t, x), 
^ p{t,x + 1) = p{t,x), 



UUxxx + PPx = 0, t > 0, X G 
t> 0, X £ 

xeR, 

t>0, X £ 
t> 0, X £ 



(2.1) 



(2.2) 



Note that if G(x) := '°ti^~J(1/2y^^ ' x G R is the kernel of (l-S^)-!, then {l-d'^)-^f = G*f 
for all / G L'^iS), G * m = u. Here we denote by * the convolution. Using this identity, we can 
rewrite the system (2.1) as follows: 

ut + {u- j)ux = -dxG * {v? + \ul + (7 - A)u + \p^) , t > 0, a; G M, 

Pt + {up)x =0, t > 0, X G M, 

u(0,x) = uq{x), X G M, 

p(0,x) = po{x), X G M, 

u{t,x + 1) = u{t,x), t > 0, X G M, 

p{t, X + 1) = p{t, x), i > 0, X G M, 

The local well-posedness of the Cauchy problem (2.1) can be obtained by applying the 
Kato's theorem. As a result, we have the following well-posedness result. 

Lemma 2.1. (ITj). Given an initial data (no,/0o) £ x H^^^,s > 2, there exists a maximal 
T = T(||(tio,po)||_f/sx_f/s-i) > aiid a unique solution 

{u,p) G C{[0,T);H' X H'-'^)nC\[0,Ty,H'-^ X H'-"^) 

of (2.1). Moreover, the solution {u,p) depends continuously on the initial data {uo,po) and the 
maximal time of existence T > is independent of s. 

Consider now the following initial value problem 



I qt = uit,q), t G [0,r), 
I q{0,x) = X, X G M, 

where u denotes the first component of the solution {u,p) to (2.1). 



(2.3) 



Lemma 2.2. (fj^). Let (u, p) be the solution of (2.1) with initial data (uq, po) G H"^ xH^^^, s > 
2. Then Eq.(2.3) has a unique solution q G C^{[0,T) x M;M). Moreover, the map q{t,-) is an 
increasing diffeomorphism of M with 

qx(t,x) = exp ( / Ux{s,q{s,x))ds I > 0, (t,x) G [0,T) x M. 
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Lemma 2.3. (m^). Let {u, p) be the solution of (2.1) with initial data (uq, po) S -ff* x H'^ > 
2, and T > be the maximal existence. Then we have 

p{t, q{t, x))qx{t, x) = po{x), {t, x) £ [0, T) x S. 

Moreover, if there exists a xq € S such that po{xo) = 0, then p{t, q{t, xq)) = for all t G [0,T). 

Next, we will give two useful conservation laws of strong solutions to (2.1). 

Lemma 2.4. (JJH). Let (u, p) be the solution of (2.1) with initial data (uq, po) € x H^^^, s > 
2, and T > be the maximal existence. Then for all t G [0,T), we have 

/ {u^ +ul + p^)dx = {ul + ul^+ PQ)dx := Eq. 
Js Js 

Lemma 2.5. Let {u,p) be the solution of (2.1) with initial data (no,/Oo) £ x H^~'^,s > 2, 
and r > be the maximal existence. Then for all t G [0,T), we have 

/ u{t,x)dx= / uo{x)dx. 
Js Js 

Proof. By the first equation in (2.1), we have 

u{t,x)dx = / utdx 
Js 

{utxx + AUx - JUxxx - 3uUx + "iUxUxx + UUxxx " PPx)dx = 

This completes the proof of the lemma. □ 

Then, we state the following precise blow-up mechanism of (2.1). 

Lemma 2.6. C[T]). Let (u, p) be the solution of (2.1) with initial data (uq, po) £ -f^* x H'^~^, s > 
2, and T > be the maximal existence. Then the solution blows up in finite time if and only if 

liminflinf Ur(t,x)} = —oo. 

Lemma 2.7. (JM). Let to > and G C^{[0,to); H'^{R)). Then for every t G [0,to) there 
exists at least one point S,{t) G M with 

m{t) := m{{vx{t,x)} = Vx{t,C{t)), 

xeR 

and the function m is almost everywhere differentiable on (0, to) with 

-^m(t) = vtx{t,^it)) a.e. on (0,to)- 
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Lemma 2.8. (f^). (i) For every / G H^iS), we have 

where the constant 2{e^i) sharp, 
(ii) For every / G H^{S), we have 

max/2(x)<c||/||^„ 

with the best possible constant c lying within the range (1, Moreover, the best constant c 
is 

2(e-l)- 

Lemma 2.9. (fM!)- If / G is such that f^f{x)dx = ^, then for every e > 0, we 

have 

e + 2 2 



max < / f^dx + 



On. 



46 "° 



Moreover, 

a;e[0,l] ■ 

Lemma 2.10. Assume that a differentiable function y{t) satisfies 

y'it)<-Cy\t) + K (2.4) 

with constants C, K > 0. If the initial datum y(0) = yo < ~\f%t then the solution to (2.4) 
goes to — oo before t tend to —-^ — j^. 



3 Blow-up phenomena 

In this section, we discuss the blow-up phenomena of the system (2.1). Firstly, we prove 
that there exist strong solutions to (2.1) which do not exist globally in time. 

Theorem 3.1. Let (uqjPo) £ x H^^^,s > 2, and T be the maximal time of the solu- 
tion {u, p) to (2.1) with the initial data {uo,po). If there is some xq £ S such that po{xo) = 
and 

= inf < -/5^^o + I7-a|/SI3e|, 

then the corresponding solution to (2.1) blows up in finite time. 

Proof. Applying Lemma 2.1 and a simple density argument, we only need to show that 
the above theorem holds for some s > 2. Here we assume s = 3 to prove the above theorem. 
Define now 

m{t) := M[u^{t,x)], t G [0,r). 
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By Lemma 2.7, we let ^(t) G S be a point where this infimum is attained. It follows that 

m{t) = Ua;{t,S,{t)) and Uxx{t,i{t)) = 0. 

Differentiating the first equation in (2.2) with respect to x and using the identity d^G* f = 
G * / — /, we have 

utx + iu- j)u^^ = -^ul + ^p" + u'' + {-f-A)u-G* (u' + ^ul + + _ (3.1) 

Since the map q{t, •) given by (2.3) is an increasing diffeomorphism of R, there exists a 
x{t) G S such that q{t,x{t)) = ^{t). In particular, x{0) = ^{0). Note that Uq{xo) = inf Uq{x), 

we can choose xq = ^(0). It follows that x(0) = ^(0) = xq. By Lemma 2.3 and the condition 
Po{xo) = 0, we have 

P{t,^{t))qx{t,x) = p{t,q{t,x{t)))qx{t,x) = po{x{(})) = po{xo) = 0. 

Thus p{t,S,{t)) = 0. 

Valuating (3.1) at {t,^{t)) and using Lemma 2.7, we obtain 

^ < -lm\t) + ^u' + (7 - A)u - (7 - A)G * u, (3.2) 

here we used the relations G * {v? + \u^) > ^u^ and G * > 0. Note that = 1. By 

Lemma 2.4 and Lemma 2.8, we get 

II l|2 / ^ + 1 II l|2 / ^ + 1 F 



1(7 - A)u\ < |7 - A\\\uh^ < |7 - aJ^^^eI 



and 



e+1 



1(7 - A)G *u\<\j-A\ \\G\\l. \\u\\l^ < |7 - AU ^^—^E^ 



It follows that 

'^<-',^H.HK, (3.3) 



where if = -^^Eq + 2|7 - A\^^^^E^ . Since m(0) < -V^K, Lemma 2.10 implies 

2«'o(xo) 



lim m{t) = —GO with T = 



t^T 2K-{u'o{xo)y 
Applying Lemma 2.6, the solution blows up in finite time. □ 

Theorem 3.2. Let (uo,/9o) G i?* x H^~^,s > 2, and T be the maximal time of the solu- 
tion {u,p) to (2.1) with the initial data {uo,po). Assume that J^uo{x)dx = If there is some 
xo G S such that Po{xq) = and for any e > 0, 



//X . . // X € + 2^ e + 2 „ , /2(e + 2)^ 4(e + 2) „ 

uUxo) = ijg^i^) < -y -^Eo + -j^al + |7 - A\s^^^Eo + ^^<^l 
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then the corresponding solution to (2.1) blows up in finite time. 

Proof. By Lemma 2.5, we have jgu{t,x)dx = Using Lemma 2.4 and Lemma 2.9, we 
obtain 

II ii2 ^ e + e + 2 2 



1(7 - A)u\ < |7 - ^lllnllLoc < |7 - ^1^/ '-^Eo + '-^al 



and 



\{^-A)G*u\ < \^ - A\\\G\\li\\u\\l^ < |7-yl|Wi±^i?o + — -2 



24 " 4e 



Following the similar proof in Theorem 3.1, we have 



^^<4»^(*)+i^. (3.4) 



where K = + + It - ^E'o + ^O'o- Following the same argument as in The- 

orem 3.1, we deduce that the solution blows up in finite time. □ 

Letting oq = and e — > in Theorem 3.2, we have the following result. 

Corollary 3.1. Let (no,po) G x H^^^,s > 2, and T be the maximal time of the solu- 
tion {u, p) to (2.1) with the initial data {uQ,po). Assume that J^uo{x)dx = 0. If there is some 
xo G S such that po{xo) = and 



u'oixo) = ugu',{x) < -y'^ + 2|7 - ^l^f , 
then the corresponding solution to (2.1) blows up in finite time. 

Remark 3.1. Note that the system (2.1) is variational under the transformation {u,x) 
(— u, —x) and (p, x) — >■ (p, —x) even 7 = 0. Thus, we can not get a blow up result according to 
the parity of the initial data {uo,po) as we usually do. 

Next, we will give more insight into the blow-up mechanism for the wave-breaking solution 
to the system (2.1), that is the blow-up rate for strong solutions to (2.1). 

Theorem 3.3. Let {u,p) be the solution to the system (2.1) with the initial data (uo,po) ^ 
X H'^~^,s > 2, satisfying the assumption of Theorem 3.1, and T be the maximal time of 
the solution (n, p). Then, we have 

lim(r-t) Mu:c{t,x) = -2. 



Proof. As mentioned earlier, here we only need to show that the above theorem holds for 
s = 3. 

Define now 

m{t):= inf K (t , x)] , te[0,T). 
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By the proof of Theorem 3.1, we have there exists a positive constant K = K{Eo,j,A) 
such that 

- K < ■^m + -m^ < K a.e. on (0,T). (3.5) 

Let £ G (0,^). Since hmi^fm(t) = — oo by Theorem 3.1, there is some to G (0,7") with 
m{to) < and m^(to) > Since m is locally Lipschitz, it is then inferred from (3.5) that 

m\t)>^, te[to,T). (3.6) 
A combination of (3.5) and (3.6) enables us to infer 

-j^ dm ^ 

-+£>-^> a.e. on (0,r). (3.7) 

Since m is locally Lipschitz on [0, T) and (3.6) holds, it is easy to check that — is locally 
Lipschitz on {to,T). Differentiating the relation m{t) ■ = 1, t G (io,T), we get 

d 1 — 
(-) = -JLa.e.on{to,T), 

with ^ absolutely continuous on {to,T). For t e {to,T). Integrating (3.7) on {t,T) to obtain 
il + ^)iT -t)> > (^ - £){T -t),te {to, T), 

that is, 

j^<-m{t)iT-t)<j^, teito,T). 
By the arbitrariness of e G (0, ^) the statement of Theorem 3.3 follows. □ 

4 Global Existence 

In this section, we will present a global existence result. 

Theorem 4.1. Let {uo,po) G H'^ x > 2, and T be the maximal time of the solution 

{u,p) to (2.1) with the initial data {uo,po). If po{x) ^ for all x G S, then the corresponding 
solution {u, p) exists globally in time. 



Proof. Define now 



m{t) := inf[u^(t,x)], t G [0,r). 



By Lemma 2.7, we let ^{t) G S be a point where this infimum is attained. It follows that 

m{t) =Ux{t,i{t)) and U:^x{t,^{t)) = Q. 

Since the map q{t, ■) given by (2.3) is an increasing diffeomorphism of M, there exists a x(t) G S 
such that q{t,x{t)) = C{t)- 
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Set m{t) = u^{t,C{t)) = U:c{t,q{t,x{t))) and a{t) = p{t,^{t)) = p{t,q{t,x{t))). Valuating 
(3.1) at and using Lemma 2.7, we obtain 

m'{t) = -^m^(t) + ^a^(t) + / and a'{t) = -m{t)a{t), (4.1) 

where / = + (7 - A)u — G * (u^ + ^u^ + ^p'^ + (7 — A)u). By Lemma 2.4, Lemma 2.8 and 
liix < G(x) < we have 

I/I < Ihlli- +2|7-^llkl|L- + l|G||L-|h^ + ^U^ + ^p2||^^ 



e + 1 , , , / e + 1 i cosh i 



By Lemmas 2.2-2.3, we know that a{t) has the same sign with a(0) = po{xo) for every 
E M. Moreover, there is a constant ^ > such that |a(0)| = inf |/9o(a^)| > P > 

Po{x) 7^ for all x eS. Next, we consider the following Lyapunov positive function 

a(0) 
a{t) 



X eM.. Moreover, there is a constant ^ > such that |a(0)| = inf |/9o(a^)| > P > because of 

oUowing Lyapun 

w{t)=a{0)a{t) + ^{l + m'^{t)), te[0,T). (4.2) 



Letting t = in (4.2), we have 

^{0) < llpollicx. + 1 + ||^io(a;)||ioo := C2. 
Differentiating (4.2) with respect to t and using (4.1), we obtain 

WW = ^|.2»(t)(/ + i) 
< w(()(ci + i). 

By Gronwall's inequality, we have 

w{t) < w(0)e('=i+^)* < C2e('=i+i^* 
for all t G [0,r). On the other hand, 

w{t) > 2Va2(0)(l + m2(i)) > 2/?|m(t)|, ViG[0,r). 

Thus, 

\m{t)\ < ^w{t) < 0e(^i+^)* 



for all t e [0,r). It follows that 



liminfm(i) > — -HH-e('=i+2)'^. 



This completes the proof by using Lemma 2.6. 
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